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fraction
expansion

Presented by: 1
z=[z]+ —.
1
Contiowed Again, if z1 is not an integer, then {z1} # 0 and setting
The by x9 = 1/{x1} we get :
1
[SC1] I =
2

This process stops if for some i it occurs {z;} = 0, otherwise it
continues forever.Writing ap = [x] and a; = [z;] for i > 1, this
sequence (a;);>0 is called the partial quotients.

We obtain the socalled continued fraction expansion of x.
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ag + ————
2 as 4_ oo

Jedue Which from now on we will write it with the more succinct
ontinues

fraction notation :

T = [a()aalaa2aa3a o ]

Define p,, and ¢, by
{ Pn = GnPn—1+Pn—2 ,forn>1
Gn = anGn-1+ qn—2 ,forn>1
with : p_1 =1, po =ag, g1 =0and go = 1.

Then [ag, a1, ..., an] = pn/qn, which is called the n-th

convergent.
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» Quadratic irrational <= Periodic continued fraction
expansion.
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. B The continued fraction of the golden ratio ¢ = +2 is :
1 -1 1
oo +\/5=1+ VB =1l+——
2 2 2
V5 —1
1 1
=14+ — =1+ —
VB +1 vb—1
1+
2 2
1 5
Then, ¢ = +2f —[L1,--,1,---] =
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expansion
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Flab) — aF,S_’Ii) + F,ffi’;) for n even
n

with, F{*? = 0 and F(®

Fibonacci

sequence
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7(L :b) —i—F(“ ) for n even

F(a’b) _ aF
" bF,E_’l’ + F7(L_2) for n odd

The bi-periodic with, Féa7b) 0 and F(a b)

Fibonacci
sequence

Note that the sequences {Fn } can be presented by :

FoD) — et plad) | pled)

n —2

§(m) =

0 for m even
1 form odd
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sequence :
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Fn: n—1+Fn—27
with, Fp = 0 and £} = 1.
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Fine P periodic » The Pell's sequence defined by

sequence

Pn:2Pn—1+Pn—2

is {F\""} with a = b= 2.
» If a = b =k, the definition reduces to the k-Fibonacci
sequence :

Fn:anfl“‘anZ
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» M. Edson and O. Yayenie introduced and studied the
)

n=0"

-~

bi-periodic Fibonacci sequence {FT(La’b

» We establish several properties of this sequence using
periodic continued fractions.

» In particular, we describe some properties of the
Lagrange spectrum.

» We also determine the value of certain infinite series
involving reciprocals of the product of two bi-periodic
Fibonacci sequences.
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LBi-periodic Fibonacci sequence and periodic continued fraction

n
Pn = FT(La,b)7
and
qn = éi’l{) for n even

(

the compact form ¢, = bf(”)a_g(”)Fnil{

[0,b,a,...] =[0,b,a]. Then for all n >0
——

gn = ba FY for n odd

)

g
gTheorem (Abbes, Ayadi, and Saadaoui)

Let (pn/qn)n>0 be the sequence of convergents of A =

n > 1.

» The denominators of the n-th convergent to A admit
9 )
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expansion F(a‘ b)

Presented by: (a b) [0 b = [0’ b’_ai] If n is even

n+1 n
F(a’b) n—1

— "~ =[0,b,a,...] =[0,b,a 2 ,b] ifnisodd
_ a,b
ba lFr(H-l) H,_J

n
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fraction
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expansion F — )
_ =1[0,b,a =1[0,b,a?] if nis even
Presented by: a.b
| | ﬁ;‘j
F(a,b) i
i T _[0,ba,..]=[0,5a b ifnisodd
_ ab g Wh W 9 Y 9
gD el

n

Objective

New results

Special case

Bi-periodic
Fibonacci
sequence and
periodic
continued

DFrfis » If a =b=1, and use the fact that ¢ = lim
n——+o0o
1
=[0,1,1,...] ==
N—— (;3

L Then

n

Perspective

Fn+1

n
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Presented by: al—ﬁ(n) bf(n) F?E(EI{)FTE?F,?) _ ai(n) bl_g(n) (Frga’b)>2 — a(_l)n

» We use the fact that

@onP2n—1 — G2n—1P2n = 1 and q2n11P2n — @2nPont+1 = —1.
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Corollary 2

For n > 1, we have the Cassini's identity for the bi-periodic
Fibonacci sequence :

al—ﬁ(n)bi(n)pé‘f?)pr(b’i’{) — gt Mpl=Em) (Flab))2 = g(_1)n,

» We use the fact that

@onP2n—1 — G2n—1P2n = 1 and q2n11P2n — @2nPont+1 = —1.

Special case

» If a = b =1, we obtain the Cassini's identity for the
Fibonacci sequence :

Fon1Fnp — Fg = (_1)71
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[ Johann Peter Gustav Lejeune Dirichlet (1842).
For every irrational real number x, there exist infinitely
many rational approximations satisfying :

Rational
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[8 Adolf Hurwitz (1891).
Hurwitz's theorem improves Dirichlet's classical result,

which asserts the existence of infinitely many rational ap-

proximations satisfying
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[§ Michel Waldschmidt(2008).
Waldschmidt showed that equality is asymptotically attai-

Presented by:

ned for the golden ratio ¢ = 1‘*'2—‘/5 since
F 1
lim F2 | |¢p— ——|=—
n~1>I~IFloo =l ¢ il \/5,
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dWaldschmidt’s theorem

[§ Michel Waldschmidt(2008).
Waldschmidt showed that equality is asymptotically attai-

ned for the golden ratio ¢ = —1+2‘/5, since
F, 1
. 2 . n _ -
o L ) v+

where (F,) is the classical Fibonacci sequence, that is
F
F,=F" and ¢ = lim —"

n—+oo I, 4 '
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[(x) = limsup
P,q—00 q2 ‘l‘ _

SYS]
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» The Lagrange spectrum is then defined as
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» Given an irrational real number z, define its Lagrange
constant by

[(x) = limsup .
) 2 _ P
EE=

» The Lagrange spectrum is then defined as

L={l(z)<oo|zeR\Q}.

Rational » In this language, Hurwitz's theorem states that min L = /5.
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Theorem (Abbes, Ayadi, and Saadaoui)

Let A be the quadratic irrational number defined by

Aa,b) =[0,b,a,b,a,...] =[0,b,a].. Then

(a.b)
F, a

lim b5Mg=E®) (F@D)2 ]y _ - = =

n—-+o0 (Fu1) B E@F@ | Va?b? + 4db

’
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Presented by: )\((I, b) — [O, b’ a, b’ a,. . ] =] [0’ b, (I].. Then

Theorem (Abbes, Ayadi, and Saadaoui)

(a,b)
lim g€ (FEey? |y o _ @
n—+00 n+ bf(n)a—ﬁ(n)FT(L‘iIi) a2h2 T 44b

Special case

» If a = b =1, we obtain the Waldschmidt's limit.
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Corollary

For any positive integers a and b, the Lagrange spectrum L

contains the value 1
vV a2b? + 4ab.
a
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An+1Pn — nPn+1 = (_1)n+1-
n+1Pn—1 — Gn—1Pn+1 = (—1)"ap41.
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Let = [ap, a1, . ..] be a real number with convergents
(Pn/Gn)n>0. For all n > 0, we have :

An+1Pn — nPn+1 = (_1)n+1-
n+1Pn—1 — Gn—1Pn+1 = (—1)"ap41.
@nPn+3 — Gnt3Pn = (—1)"(ant2an13 +1).
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» Let x = [ap,a1, - ,an, -] and (pn/gn)n>0 be its
sequence of convergents. Then, for all n > 0

()

%:ao+z

Presented by:

n = qr-1Gk
" a
P _ o+ 2k
42n i 12k—292k
P3n _ ag + Zn: (_1)k_1(a3ka3k—1 +1)

q3k—343k
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LOn the series of reciprocals

Theorem (Abbes, Ayadi, and Saadaoui)
Let A be the quadratic irrational number defined by
Aa,b) =[0,b,a,b,a,...] =[0,b,a]..We have that

too (_1)n—1

D e iy =Y
n:lFTS ’)F£¥1)
JrZO:O L a=? — a2
ab a,b ’
n=1 FQ(n )F2(n+)2
oo n—1 -1
(-1) ba -1
B — = (A —a(ba+1)71).
n=1 F?En7 )F3(TL’+)3 (ba + 1)
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Special case

» If a=b=1, then
Aa,b) = A\(1,1) = [0,1,1,1,1,...] = [0,1]. We have that

+o0o (__ 1
1
B .+
n=1
+oo
>
n—1 F2n

On bi-periodic Fibonacci numbers and continued fraction expansion

30/35



On bi-periodic Fibonacci numbers and continued fraction expansion
L New results

LOn the series of reciprocals

On

B
bi-periodic gTheorem (Abbes, Ayadi, and Saadaoui)

Fibonacci

numbers and We have that

continued
fraction

expansion +oo af(n+1) b&(n) ]_

Presented by:

-1 Fr(zmb)ngg)

n

On the series of
reciprocals

31/35



L New results

On
bi-periodic
Fibonacci
numbers and
continued
fraction
expansion

Presented by:

On the series of
reciprocals

On bi-periodic Fibonacci numbers and continued fraction expansion
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B
¢4 Theorem (Abbes, Ayadi, and Saadaoui)
We have that

T Lt E(n)
a,b a,b =7
n=1 F7(l )F7§+2)

Special case

» If a = b =1, we obtain the series of the reciprocals of the
product of two Fibonacci numbers :

+o00 1 _,
=il FnFn+2 .
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Corollary

For £k > 1, we have :

k,k 2!
2 FRRER

S~ _(=)m

Z k,k
n=1 F( )F1(1+1

= —¢k,2,

+o00 1

_ .= 2 —1
Zw—k + k7 P2,

F2 F2n+2

+00 —1
S ( k
HZ;F?En’“)F?f TR\t

+ ¢k,2>-
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the bi-periodic Lucas sequence.

bL(a’bl) + L(a’b) for n even

n— n—2

aL'™ + 1Y for n odd

n—1 n

with, L = 1 and L{*" = o,
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